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Preface
This thesis is made to be accessible for anyone of a similar background to myself who is
willing to learn about crystallography, and especially the graphite lattice structure. I would
suggest already being familiar with vector calculus, Fourier transforms and decomposition,
introductory electro-statics, and the basics of complex number analysis, although most of
the math and conceptual material is discussed and the various sources can provide more
information as is desired. Most every reference and equation is hyperlinked so that if you
got a copy of this thesis in a format that supports this parsing the document many times




Carbon footprints have been the topic of study for many years, and now is a time where thinking
about how to optimize the ways in which carbon is being used in different settings can make a large
impact. To this end, the use of powdered graphite to make things based on the properties of mono
and few-layered graphene is an area where improvements can be made [1, 2, 3]. X-ray diffraction,
or XRD, can be used as a method for analyzing what type of material is present in a relatively
quick experiment. The convenience of XRD as a method for characterizing a sample allows for the
possibility of creating a method with which different graphite samples can be distinguished from
one another in a cost and time efficient manner. Creating such a method, which is the focus of this
work, might allow for optimization of processes that involve transforming bulk powdered graphite
into other more directly useful forms [4, 5, 6].
1.2 Historical Context
A single atomic layer of the crystalline structure of graphite is called graphene. Graphene is
one carbon atom thick and can be stacked in a few unique configurations continuously to form
a graphite crystal. The idea of a single atomic layer of a graphite crystal, that is an isolated layer
of the crystal without the influence of van der Waals forces of another layer, was first discussed
by Peter Debye and Paul Scherrer in their 1916 publication [7]. A typical ideal graphite crystal
consists of two distinct alternating layers stacked as many times as is desired to produce a crystal
with a certain thickness, but geometrically there is a possibility of a third layer type.
Graphite is a crystalline substance which means it is made up of atoms arranged in a periodic
pattern. Information about these crystalline substances at an atomic level can be obtained using
X-ray crystallography, which is the use of diffraction at a wavelength similar to the bond length of
a molecule to determine the structure of the crystal in question. In the case of graphite, the only
atom that is involved is carbon which simplifies some of the mathematics involved in the calcula-
tions behind XRD and X-ray crystallography. This geometry, when known, is useful in explaining
the differences between the XRD profiles for different samples of graphite. Simulating the XRD
profile of different samples of graphite gives information about the structure differences in different
graphite crystals which can be used to further classify graphitic materials. The classification of the
samples investigated here was achieved by defining a parameter QG with a range in values from
zero to infinity, where the lowest energy configuration of graphite describes infinite quality.
1.3 Abstract Overview
Graphene has been the focus of active research since the isolation of a single crystal layer of
graphite detailed in a 2004 publication by professors Andre Geim and Kostya Novoselov [8]. Since
then, graphene and carbonaceous materials have been tested for their various electrochemical, as
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well as physical, properties in order to optimize various pursuits in industrial and green energy
initiative settings [9, 6]. In this thesis, graphite is analyzed to determine which stacking configura-
tions are able to be combined to reproduce the experimental results. Various samples of powdered
graphite were used to conduct XRD on. The diffraction angles, traditionally expressed in terms of
twice the Bragg angle ✓, between approximately 42o and 47o were studied as an area of interest.
Specifically the peaks occurring at positions corresponding to (101)H and (101)R, as defined in the
analysis of this thesis, were used to experimentally determine the parameter of study. Those two
peaks visible in this area allow for structural classification, via a ratio of the peaks, of powdered
graphite samples. The powdered graphite samples are analyzed based on a quality factor QG which
is dependent on the relative hexagonal to rhombohedral graphite contribution to the average crystal.
The parameter of study, QG, ranges in values from zero to infinity and the samples analyzed were
classified based on the number of layers in the average crystal and the relative hexagonal to rhom-
bohedral contributions [10]. The samples analyzed were classified with a value in this range with
three significant digits worth of precision and the total average number of layers was determined
to within ten layers by analyzing the characteristic (002) peak. Applications of this methodology
are directly present in research, or industrial, settings where the source of carbon can be identified
as a possible source of error [6, 11, 12, 13]. This error could be mitigated by considering QG as a
parameter for optimizing the yield of said applications.
2 Theory
The crystallography that is used for the analysis of graphite and graphene layers is largely inspired
by sections from the book by Marc de Graef and Michael McHenry [14].
2.1 The Bragg Equation
Behind most diffraction techniques is the methodology developed by Lawrence Bragg. This equa-
tion details some of the phenomena resulting from closely spaced barriers that interfere with the
path of a photon. This nanoscopic range of phenomenon has allowed scientists to implement many
forms of light analysis on matter. The representation of the Bragg equation that will be referred to
in this thesis takes the following general form:
2d sin ✓ = n . (1)
In this equation, d is the lattice spacing of a set of planes that are later defined in three dimensions by
a subscript with the set of Miller indices hkl, ✓ is the incident angle of the ray from the plane known
as the Bragg angle which is half of the measured angle in all data collected, n is the diffraction order
and   is the wavelength of light being used to conduct the diffraction experiment.
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2.2 Basic Crystallography
To start discussing of the different ways graphene is able to be stacked an isolated layer must be
understood. The basic atomic structure of a crystalline substance obeys a certain set of periodic
boundary conditions. There are seven distinct 3-D and four distinct 2-D crystal systems. These
crystal structures obey periodic conditions laid out by the set of parameters
{~a1,~a2,~a3,↵, ,  }, (2)
where the different ~ai represent the vectors to three different points from the origin in a three di-
mensional space where the points represent three vertices of a parallel-piped [14]. The quantities
↵,  and   correspond to the angles between the vectors ~a1,~a2 and ~a3; ↵ is defined as the angle
between ~a2 and ~a3;   can be defined as the angle between ~a3 and ~a1;   can be defined as the
angle between ~a1 and ~a2. This set forms what is known as a unit cell because it contains enough
carbon atoms to, when periodically expanded to fit the size of a sample, define the entire lattice of
a graphite crystal via translational repetition of the parallel-piped which will later be defined as the
unit cell.
This set simplifies considerably when you take the crystal structure to be limited to two spacial
dimensions. The subsequent set of parameters for this case becomes
{ ~a1, ~a2,  }. (3)
In the case of graphene the atomic structure as being characterized as hexagonal, think of a birds
eye view of honeycomb, further simplifies this set of parameters because it limits the set to only the
cases where | ~a1| = | ~a2|. Figure 1 shows one representation of a unit cell that represents a single
layer of the graphite crystal.
It will be useful in later discussion of the hexagonal structure alone to state that   is equal
to 60o or any integer multiple of it as long as the vectors are changed accordingly. A plane of
graphene is formed when a hexagon formed by a closed loop of these carbon atom sp2 covalent
bond chains is made into a periodic pattern. This structure looks like a honeycomb from the top
view of the plane. Multiple layers of graphene stacked together become bonded via Van der Waals
forces and the subsequent structure is what we know as graphite. Diamond is similar in complexity
to graphite at this level of analysis because it too ideally contains only carbon atoms in a periodic
arrangement, but the crystal structure is cubic instead of hexagonal.
2.3 X-Ray Diffraction and Crystallography
Crystallography is the study of the different materials with a periodic atomic structure. XRD is a
fast experiment that can be used to determine the structure an average crystal in a powder sample.
The idea behind X-ray crystallography comes from Bragg’s investigation of solid materials by
developing equation (1). This equation can have the diffraction order set only to be one because
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Figure 1: The vectors and angles in this figure, seen in general form in equation (2),
are specific to the lattice of graphite; see equation (4) for the set that is used to describe
graphite. This unit cell is not the primitive unit cell for graphite, but was used to simplify
calculations based on the site locations of the carbon atoms.
this factor can be later accounted for when considering the Miller indices of a given plane. Miller
indices of a given plane define the orientation and location of a given set of planes in a crystal
lattice. A set of Miller indices can be defined by analyzing the unit cell of a given crystal structure.
We can quickly define the unit cell for the graphene structure by taking equation (1) and defining
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the two of the three vectors to have magnitudes equal to a. Then the angles other than   will
become ↵ =   = 90o. This relation makes the first two vectors co-planar as defined in equation
(1) and the third vector is perpendicular to the plane formed by the first two. The orthogonality
of the third basis vector is something that was utilized later in this thesis. The unit cell for the
graphene crystal structure is then formed by the basis set
{~a1,~a2,~a3, 90o, 90o, 60o}, (4)
where |~a1| = |~a2| ⇡ 0.246 nm and |~a3| ⇡ 0.335 nm depending on the sample [10]. The basis
vectors that form the unit cell can then be used to describe any plane of graphene, or collection of
planes which form graphite, and an illustration of the three unique layers viewed along the ~a3 axis
can be seen in the figure 4. The different ways that these three planes are stacked and the pattern
in which they appear in the crystal in question can influence the results of the corresponding XRD
profile.
The Miller indices of a given plane used to describe portions of the unit cell are the multiplica-
tive inverse of the intercept a given plane has with axes in the directions of the unit cell vectors.
This is to say that if the plane has no intersection with the direction of vector ~a then the corre-
sponding Miller index would be zero, or if it intersected the a axis at half the magnitude of ~a then
the Miller index h would be two. The other two indices are conventionally denoted as k and l.
These correspond to the inverse of the intersection with the axes formed by the other two unit cell
vectors and the set (hkl) references the plane formed in three space. For the purposes of analyzing
graphite the notation (hkl)R and (hkl)H will be used as shorthand to indicate which definition of
the graphite unit cell was used for the analysis of a peak.
Referring back to the Bragg equation, the n dependence which references different peak in-
tensities from the diffraction can now be eliminated by defining a new variable dhkl = dn . This
variable conveys the fact that Miller indices define a set of planes.
2dhkl sin ✓ =  , (5)
where the dhkl again represents the interplanar spacing corresponding to the chosen set planes
defined by a choice of Miller indices. The convention of equation (5) is the same as in reference
[14] and this convention will be adopted for all of the equations stated in this thesis.
2.4 Structure Factor
At the root level, XRD is used to identify the Miller index combinations that satisfy the Bragg
equation and give rise to intensity peaks in a configuration. Knowledge of a peaks corresponding
Miller indices allows for the determination of information about the structure of the sample mate-
rial based on the relative intensity of the scattering to other angles. This requires an experimental
technique known as X-ray powder diffraction. Powder diffraction relies on on geometric symme-
try of an X-ray diffractometer setup the configuration which involves a flat detector geometry is
known as Bragg-Brentano geometry [14]. Powder diffraction also makes the assumption that there
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are enough particles in a given sample to assume they are all essentially random in orientation.
Based on equation (3) the powder diffraction data for a sample of graphite powder can be used
to determine the peak intensity angles 2✓ for a crystal and thus determine information about the
structure of the sample since that angle has a corresponds to a set of Miller indices via the Bragg
equation. In order to find these angles from the theoretical model, we must first define the structure
factor. The structure factor is a quantity that describes scattering from a single unit cell [14]. The






In this equation A is the total number of atoms in the unit cell of the crystal, fj(✓) represents the
atomic scattering factor of the atom in the sum, ~qhkl is the diffraction vector and ~rj is the position
vector of atom j with a total number of atoms in the unit cell A. The magnitude of the diffraction





In the case of graphene, all of the atomic scattering factors are the same and we will denote those
as fc(✓). The structure factor for a single layer graphene can thus be written as the following:





Since equation (8) is a simplified case, and carbon is the only atom that will be considered in this
thesis, it is important to understand its scattering factor. For the purposes of talking about the
scattering factor for carbon, the variable that it is a function of, qhkl actually has more information
than is necessary to model the factor well. The equation for the scattering factor for carbon is as
follows:





where fc(✓) is again the scattering factor for carbon, the number 6 corresponds to the atomic num-
ber Z, s represents sin(✓)/  and the different ai and bi are terms of the expansion approximation
used in reference [14]. The values for which the terms in equation (9) correspond to can be found
in table 1.
2.5 Correction Factors
The structure factor is not the only factor that contributes to the diffraction intensity from a pow-







Table 1: The values ai and bi were sourced, with units Å 2, from reference [14].
Figure 2: This figure represents the atomic scattering factor of carbon over the range of ✓
values from zero to ⇡ or [0o, 180o). This factor can easily be extended based on equation
(9).
assumption that the profile is already scaled such that the largest peak has an intensity of one.
This eliminates some factors that contribute to the total diffracted intensity. In order to determine
the expression for the total measured intensity of a diffraction experiment, all factors that vary
proportionally to the scaled intensity profile as a function of ✓ must be identified.
2.5.1 Debye-Waller Factor
Thermodynamics is important for discussion the conditions under which a crystal has a stable




The quantity B(T )s2 is described in reference [14]. There is not much information about the
Debye-Waller factor for graphite, but some research has been done regarding the values for high
temperatures [14, 15]. For the purposes of the analysis done in this thesis, the temperature is
approximated as constant and the term cancels in a ratio of peak intensities.
2.5.2 Lorentz Polarization Factor
The Lorentz polarization factor is defined as a function of the Bragg angle ✓ and is a necessary
correction factor when describing the diffraction that occurs when a powdered sample is in the





The corresponding plot to equation (10), over the range of important Bragg angles, can be seen in
figure 3.
Figure 3: This figure shows the Lorentz Polarization factor over an interval in ✓ from 0 to
90 degrees. Note that this is half of the angle traditionally expressed in the XRD profile.
2.5.3 Other Correction Factors
The other correction factors that combine with the structure factor to express intensity as a function
of the Bragg angle are the absorption factor and the multiplicity factor [14]. Briefly stated, the
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where µ is the linear attenuation factor. The multiplicity factor is a measure of the order of the
diffraction peak, but the peaks in the area of interest are of the same order, therefore the multiplicity
is the same. These factors are constant in the area of interest studied here, in other words they are
independent from theta in the range studied, so they will be omitted from the discussion because
only a ratio of peaks will be considered for analysis.
2.6 Total Measured Intensity






It is sometimes useful to take the proportionality in (11) to be the full equation for the the intensity
as a function of the diffraction vector because the other terms are either negligible or do not modify
the behavior of the intensity profile. The full equation for the XRD profile is given by the following
equation:





In equation (12) the different factors are defined as follows: After taking into account all of
these factors, the intensity can be plotted as a real function of 2✓, which is usually the form that the
experimental data takes.
This intensity is a physical measurement that can be taken from an X-ray diffractometer and the
units of the intensity are usually given in counts. The corresponding angles to those peak intensities
represent the presence of a set of planes, defined by a given set of Miller indices, that periodically
intersects atoms inside the lattice of a crystal.
3 Analysis
3.1 Crystal Structure of Graphite
In order to begin to define the structure of graphene explicitly it is useful to first picture what
exactly the diffraction vector ~qhkl looks like physically. In order to do this we can start by drawing
the set of planes defined by (hkl). This illustration can be seen in figure 5.
An entire plane of graphene, in other words an indefinite amount of the carbon atom and
covalent bond strings in the characteristic honeycomb structure, like what is pictured in figure 4, can
be defined by assigning coordinates to each of the atoms in this lattice structure. The diffraction
vector is defined as the vector pointing from the incident ray vector to the diffracted ray vector.
Referring back to the discussion of the Bragg equation in section 2.1, a visualization of parallel
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Figure 4: This figure is an illustrated version of all possible layer types layered over one
another viewed along the ~a3 axis. The vectors ~a1, ~a2, ~a⇤1 and ~a⇤2 are defined based on
equations (4) and (14).
planes, how the planes intersect with the graphene planes and what causes a diffraction peak, can
be achieved by looking at the various figures up to this point.
It is also important to note that the vector ~qhkl can also be written as the following [10]:
~qhkl = h ~a1
⇤ + k ~a2
⇤ + l ~a3
⇤
, (13)
where the different ~a⇤ represent the reciprocal basis lattice vectors of the crystal lattice vectors
which will be defined in this section. The reciprocal basis lattice vectors are defined such that
~aj
⇤ · ~aj = 1; (14)
~aj
⇤ · ~ai = 0.
where the j and i represent different lattice directions. We defined the vectors pointing to the loca-
tions of each carbon atom as ~rj in equation (6). The component form of each vector in Cartesian
space can be represented as
~rj = (xj , yj , zj) , (15)
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Figure 5: On the left, is a side view of a portion of the set of planes defined by (hkl)
and the scattering of incident photons by said set of planes. The dotted lines indicate said
planes. In the magnified portion on the right, ✓ is the incident angle of the wave vector ~K
and ~K 0 is the diffracted ray vector. The difference defined as ~qhkl = ~K 0   ~K. Note that
this represents an elastic scattering of the incident wave-vector K because |K| = |K 0|.
where the position in real space is defined by the lattice vectors as follows:
~rj = ⇣j1~a1 + ⇣j2~a2 + ⇣j3~a3. (16)
The ⇣j are called the fractional coordinates. They are denoted as the following:
⇣j = (⇣j1 , ⇣j2 , ⇣j3) . (17)
These coordinates indicate the fractional space position of an atom in the unit cell. The structure
factor for graphene can be calculated using these position vectors, a ~q specified by the plane (hkl),
the incident light wavelength, fc the scattering factor for carbon and the incident Bragg angle ✓.






The code associated with this structure factor intensity contribution can be found in multiple parts
of section 6. After a single layer of graphene has been defined we can begin to analyze the different
types of graphite that come from stacking these layers. There are three different layer types for
graphite. We will refer to these different layer types as A, B and C. There are three different ways
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these layer types can be stacked up and they are called hexagonal, rhombohedral, and turbostratic;
Hexagonal consists of the layer pattern AB continued periodically, rhombohedral consists of the
layer pattern ABC continued periodically, and turbostratic is characterized by any sequence of A’s,
B’s and C’s. The spacing between all of these layers has an accepted value of approximately 3.35 ·
10 10m [10]. Measuring the structure factor for all of these layers together can be accomplished by
defining the fractional coordinates for the atoms inside the parallel piped formed by the vectors in
equation (4). A portion of many carbon atoms inside the parallel piped can be considered a single
atom at the position of one of the atoms dissected by the piped. A diagram of the three layers A,B
and C and the corresponding piped can be seen in figure 4. A table for the argument of the dot
product seen in equation (18) based on the atoms inside the unit cell for each of the layers in both
the hexagonal and rhombohedral representations can be seen in tables 2 and 3.
After identifying the different ~rj corresponding to the atoms in the unit cell it is useful to
determine what the lattice vectors and reciprocal lattice vectors for graphite are in order to calculate






















~a3 = (0, 0, 2c) , (21)
where a is 2.46 · 10 10m in the lattice of graphite and c is the inter-planar spacing of the graphene








































The calculations so far have corresponded to the hexagonal definition of the graphite lattice, which
is what is traditionally used in structure factor analysis of this material. Now, it is important to
discuss both the hexagonal and rhombohedral definitions of the lattice parameters to be able to
further classify the peaks in the area of interest. For the hexagonal lattice definition the atomic
position vectors of the atoms in an A layer are defined by fractional coordinates and lattice vectors
as follows:




































The atomic position vectors of the atoms in a C layer are:














In the case of equations (25-27) the nA, nB and nC correspond to the integer values which multiply
by the interplanar spacing of graphene layers c to give the real space out of plane coordinate of the
specific layer based on the layer type. The subscript letter indicates which of the three distinct layer
types is being dealt with, and if one of the nx’s is nonzero, the other values are zero by definition.
This will later be expressed mathematically using a Kronecker delta function.
For the rhombohedral lattice definition of the atomic position vectors, defined in a similar
fashion to the forms for that of the hexagonal definition, of the atoms in an A layer are defined as
follows:



































The atomic position vectors of the atoms in a C layer are:














In the case of (28) through (30) the nA, nB and nC are the same definitions as in equations (25)
through (27).
The dot product arguments of the exponential in (18) corresponding to the hexagonal lattice
definition are as follows:
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Dot Product Result
~qH · ~rHA1 nAl2















~qH · ~rHC1 nC l2





Table 2: This table represents the arguments of the exponential in equation (8) with all of
the hexagonal atomic positions.
Dot Product Result
~qR · ~rRA1 nAl3















~qR · ~rRC1 nC l3





Table 3: This table represents the arguments of the exponential in equation (18) for the
rhombohedral definition of the third lattice vector ~a3. The only change from the hexagonal
definition is in the final term of each argument and the denominator changes from two to
three because |~a3| in this definition is three times the inter-planar spacing of graphite.
Similarly the dot products corresponding to the structure factor exponential argument using the
rhombohedral lattice definition of the graphite crystal can again be seen in table 2.
After defining all of these dot products the structure factor can be broken down for each of the
definitions of the graphite lattice. It is useful to break it up into contributions from each layer type:
F = FA + FB + FC . (31)
Based on (25-30), (18) simplifies considerably. The subscripts on the different contributions iden-
































































































































































In the case of equations (32-37) the terms in the sums that do not correspond to the layer type that
the nth layer belongs to are again zero. These equations give the most general definition of the
graphite structure factor for both definitions of the lattice.





















































































































Using equation (31) and the results of equations (38) and (39) are the expressions for the total struc-
ture factor at the Miller indices corresponding to (10X) for both the hexagonal and rhombohedral























































In equations (40) and (41) the  nnX is the Kronecker delta function that is non-zero if and only if
n = nX , and if the two subscripts are equal, then the delta term is equal to one.
3.2 Analytical Structure Factor Calculations
After identifying equations (32-37) as expressions that can be used to simulate the peaks in the
XRD profile of a graphite sample under two distinct lattice definitions, the equations correspond-
ing to the area of interest, equations (40) and (41), can be used to confirm the behavior of the
simulation analytically. The first two important cases correspond to the stack [A B], and the stack
[A B A] . In the interest of simplicity for the written format, the scattering factor for carbon, fc(✓),
will be assigned a value of one since the scattering factor for carbon is essentially constant in the
area of interest, and taking a ratio of peaks in this area will eliminate most of the change to the









































































































































































































































This is the simplest case of the structure factor contribution to the intensity seen by taking XRD
measurements on a hexagonal graphite crystal. The crystal only has two layers and all of the peaks






























































































































































































































































2⇡i( 2n3 ) nnA   e





























































































After the two simplest cases for the stacking of graphene layers, there is a slightly more complicated
six layer configuration to analyze.
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This stack shows that there are four peak locations that have a non-zero intensity. This case is the
only configuration in which this behavior is seen regardless of the number of times this pattern
is repeated. This six layer configuration is an example of a combination of 3R and 3H graphite.
The naming convention again uses the same convention that was adopted for the different ways of
defining the graphite lattice. The subscript R stands for rhombohedral and the subscript H stands
for hexagonal. The six layer configuration has a three layer rhombohedral contribution and a three
layer hexagonal contribution. The first stack that was analyzed is an example of 2H graphite. This
means the stack [A B A B A B] is also 2H graphite, but with three distinct 2H contributions. The
second stack analyzed can be interpreted as the result for 3R graphite. Since the third six layer
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stack has both hexagonal and rhombohedral contributions it will be denoted 6T for a six layer con-
figuration of turbostratic graphite. The 6T stack, for which the structure factor contribution was
calculated, has a fault that occurs in the lattice for graphite, and for that reason the stack has both
hexagonal and rhombohedral graphite contributions, which is how turbostratic has been defined in
this thesis.
To begin analyzing this naming pattern further, there are six important 3H stacks to consider
which can then be periodically combined with the first three analyzed stacks to produce all of the
important patterns in the area of interest. The layer configurations for these are as follows:
[A B A], [A C A], [B A B], [B C B], [C A C], [C B C].
The analytic results for the structure factor from these configurations, again by considering the



























































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































A combination of two of the above stacks is [A B C B C B], which again is the example of 6T
graphite. The analytic calculation for this stack has already been done, but in the interest of ex-
plaining the naming process, [A B C] will be renamed [↵] and [B C B] will be renamed [ ]. But
these structure factors do not add in a way that would be suggested that [↵  ] is equal to [A B C B
C B]. In order to make this the case we need to define a phase altering term based on the number of
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layers shifted. For three layers shifted, the sums in the structure factor calculation will be modified
to be from four to six instead of one to three. This accomplishes the desired offset of the [ ] stack
from the [↵] stack. A calculation of the offset term will be calculated as follows:



































































































































































































































Notice that the intensity for all of the peaks in the area of interest did not change regardless of
the position of the [ ] term. Also notice, that the calculation of the [↵  ] or [A B C B C B] stack
is simply the direct sum of the structure factor contributions for each of the peaks in the area of
interest. This is not the case if the [B C B] stack is used directly, because the phase difference in
the structure factor is necessary for the calculation of the total structure factor.
3.3 Average Crystal Layer Count
In order to get an idea of the scale on which the average crystal is being represented, the total
number of graphene layers needs to be determined. This goal can be accomplished by considering
the full width at half maximum or FWHM for the characteristic peak, (002), for the graphite lattice.
This peak corresponds to twice the interplanar spacing of a graphene layer with another. Figure 6
demonstrates that the width of the peak varies based on the number of layers.
The number of layers also clearly influences the FWHM based on the result from table 4.
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Figure 6: This plot shows how the number of layers N changes the full width at half
maximum or FWHM. The corresponding table to the FWHM values for these choices of
N can be seen in table 4. There are other changes that occur to the (002) peak based on
grinding, but those have been considered approximately equivalent in for the diffraction
profiles in figure 11 [16].
3.4 Quality Factor Discussion
3.4.1 Derivation from Total Measured Intensity
For convenience, the expression for the total measured intensity, equation (12), will be copied here:
I~q = |F~q|2Lp(✓)A(✓)e 2Mphkl.
Taking a ratio of two peaks gives the following expression, which can then be used to identify how
the changes in peak intensities relate to changes in the structure factor of the average crystal. This
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N Ratio of N2’s FWHM  2✓ Ratio of FWHM’s














Table 4: This figure shows the inverse relationship between the FWHM of the (002) peak
and the number of layers squared N2. In mathematical notation, this is FWHM / 1
N2
or equivalently in a case where the (002) peak is not scaled to be the one intensity peak
I(002) / N2.







The above equation refers to a ratio two different peaks in an XRD profile. In order to provide a
meaningful connection to the ratio of rhombohedral layer contributions to the total layer number,
the number of total layers must be identified for the sample in question. While this number is
hard to measure on its own because of the arbitrary nature of the intensity measurement, when
the data is taken on the same machine under approximately the same conditions, then the relative
number of layers can be identified and used for normalization. In the areas of interest for graphite,
the total measured intensity over the range of 2✓ does not vary appreciably with respect to any of
the contributions except for the Lorentz polarization factor, the structure factor, and phkl. This is
a result of all peaks in the area having the same multiplicity factor and approximately the same








Now, the structure factor square amplitude ratio can be simplified even further. For two distinct
diffraction vectors, qi, the ratio of (101)R peak to the (002) peak provides a measure of some
quantity, which will be denoted X until it becomes more clear what this represents, and the total
number of layers. If all of the profiles are normalized with respect to the (101)H peak, then the
ratio of the (101)R peak to the (101)H peak gives information about the relative contribution of
rhombohedral layers to hexagonal layers. Since the (101)H peak has been restricted to having a










If we consider the data to be well approximated by just the structure factor contribution of the






which can be directly computed using the results of equations (40) and (41). The resulting expres-
sion can be simplified, but since the only value that changes from sample to sample, by design, is
the (101)R peak, a ratio can again be taken with the (002) peak intensity. The ending expression












The quantity on the left is our X , just an unknown, from before, and we can now rename it as a
ratio of contribution types, because it is really a measure of the relative hexagonal to rhombohe-
dral contribution in the average crystal representing a sample. This is the chosen parameter for
analyzing the samples of powdered graphite, and they are compared with the simulated data given
the same assumptions and approximations made in developing the simulation. Note that for the
approximation of the contribution of the ratio of structure factors, the scattering factor fc(✓), must
be very close to equivalent at the two peak positions in terms of the Bragg angle ✓ in order for the









In this definition, NR represents the rhombohedral layer contribution and NH represents the hexag-
onal layer contribution. This quantity is, given the approximations in this thesis, the quantity X
from above. In the perfectly hexagonal case, this quantity approaches infinity because the rhom-
bohedral approaches zero and in the rhombohedral case this value is one because the number of
rhombohedral layers equals the total number of layers. In the simulated XRD data section, one of
the trends that has already been established is that the intensity contribution of the absolute value of
the structure factor squared is proportionally related to the square of the layer number. Assuming
that the crystal is ideal, which has been done for the entirety of the structure factor analysis in this
thesis, the relative number of layers can be found by multiplying either of the contribution types
by the total number of layers N . This is the found via the (002) peak, whose literature position
again corresponds to a dhkl of 0.335 nm, seen in figures 10 and 11. It should be noted that the total
number of layers is a measure of how coarse or fine the powder is, and visual confirmation of the
relationship can be used in conjunction with this analysis.
Once the crystal structure of different graphene stacks has been defined such that the struc-
ture factor can be calculated, the intensity profile of a stack, which corresponds to X-ray powder
diffraction data, can be analyzed to compare graphite samples based on the parameter in equation
(44). To compare the profiles of different graphite powders, the number of faults, location of the




Determining the ratio of the rhombohedral contribution to the hexagonal contribution, which QG
is a measure of, provides information about things like the average bonding energy between the
planar graphene layers. The bond energy of the layers depends on the layer types involved, and
this can affect how well a sample of powdered graphite performs when subjected to exfoliation
methods meant to decrease the average layer number [17]. The creation of three dimensional band
control on the graphitic carbon system might also be an area in which this type of analysis may
prove beneficial [2].
Other implications of this thesis include areas for which a graphite sample is used and taken at
face value without further analysis of the material [16, 18, 19]. Although, not all of the areas for
improvement are met through the analysis in this paper and things like symmetry analysis could
prove valuable in similar research on other materials [20].
3.5 Limitations
3.5.1 Unit Cell Definition
With the model for the unit cell developed for this application, the amount of carbon in the sample
must be measured separately because information is only gathered about an average crystal that
represents the sample. The sample must also be ground below a reasonably small level of coarse-
ness in order for the average crystal to be well represented by the XRD profile. The definition
of the unit cell that was developed in section 3 and illustrated in the figure 1, which assumes a
perfect graphite single crystal with no imperfections. This is not the case for a powdered sample of
graphite. The unit cell is also not the primitive cell, and the definition was fairly arbitrary without
much consideration for how equations (40) and (41) would look mathematically.
3.5.2 Approximations
The approximations made through the deductive reasoning leading back to the quality factor, which
can be expressed entirely using the structure factor calculations in section 2.4, are not always good
approximations to make. The Debye-Waller factor and the scattering factor are important in almost
all calculations, but since the data was taken under standard temperature conditions and the Fourier
parameter s = sin(✓)
 
is relatively unchanged in the area of interest these factors can be omitted
without a large increase in the uncertainty. The same can be said for the Lorentz polarization
factor. Since a ratio of the peaks is taken things like the multiplicity factor and absorption cancel
naturally, but by looking back figure 3 the polarization is only slightly decreasing between the theta
values corresponding to the (101)R and (101)H peaks.
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3.6 Simulated XRD Data
Out of the configurations that have been mentioned so far, the only one that can vary the number of
rhombohedral layers is the turbostratic configuration. There are an infinite number of turbostratic
configurations, each with a different periodicity of layer occurrences and therefore a different num-
ber of faults in the configuration. A fault in the graphite crystal occurs when the pattern changes
from hexagonal to rhombohedral. The rhombohedral layers can thus be an indicator of the number
of faults a graphite crystal has and the XRD profile for a sample of graphite powder can be used to
measure this. Many turbostratic stackings were simulated each with a different value of QG. The
range of 2✓ from approximately 42-47 degrees was chosen to compare the simulated data and the
corresponding QG with experimental data. A close view of this range can also be seen in [2]. The
average number of layers that a powdered graphite crystal has per grain is another variable that was
considered and the effects that changing the average layer number has effects the peak shape and
size, but does not effect its location or its relative intensity. As it turns out the peak intensities vary
based on N2, or in other words the FWHM is inversely proportional to N2. In order to determine
this relationship the XRD profile for stacking configurations with the same ratio of layer types
with varied total layer numbers were plotted over one another and the maximum peak height was
determined. After this the ratio of the peak heights was taken and the trend was established. The
corresponding plot for this can be seen in figure 6, and recorded values establishing the trend can
be seen in table 4.
3.7 Experimental XRD Analysis
3.7.1 Experimental Procedure
The data collection method for the X-ray diffractometers used for this was fairly consistent be-
tween the machine used in Phillips hall at the University of North Carolina at Chapel Hill and the
machine used at the National Institute for Materials Science (NIMS) in Tsukuba, Japan. A sample
of powdered commercially available bulk graphite was ground into a powder via a mortar and pes-
tle. Afterwards, a slide was prepared to be placed on the stage inside the diffractometer by packing
the graphite powder tightly into the indent on the slide and by making the powder level with the
top of the indent. The slide was then placed under the clips inside of the machine and the door
was closed. After locking the door to prevent stray X-rays from escaping. The Rigaku Mini Flex
600 X-ray diffractometer at NIMS had an associated software in which the desired precision for
the measurement parameter 2✓ could be chosen. All of the diffraction profiles taken for the various
graphite samples had the same precision chosen, which is expressed in table 5.
3.7.2 Experimental XRD Profiles
Experimentally, different samples of graphite have different XRD profiles which indicate differ-
ent average crystal structures based on powder diffraction assumptions. These differences can be




Figure 7: These plots show the three profiles corresponding to key values in the parameter
QG. N is the number of layers in the stack. The figures were outputted only with the
structure factor contribution to the intensity to simplify the plots, and make the important
QG values distinct. I. represents the upper limit of the QG values possible and the profile
corresponds to fully hexagonal graphite. II. represents a turbostratic configuration with
a QG value of exactly 2 and a periodic stack of ABCBCB continued for N = 50. That
periodic structure creates four peaks in the scanned are over miller index l = 0 to l =
1.5. III. represents the lower limit of the QG values and corresponds to a completely
rhombohedral stack of graphite.
precise as the data seen in figure 11 because a different machine used, however all profiles can be
easily identified as graphite based on the relative intensity and location of the maximum intensity
peak. There are three to four distinct peaks in the area of interest, which can be more clearly seen
in figure 12, and the location of these peaks remains constant within peak uncertainty from sample
to sample. The relative magnitude of the peaks changes based on the sample which indicates that
there are structural differences between the average crystal for each sample of powdered graphite.
43
Figure 8: For the simulated XRD profiles seen in this figure, the bottom line represents the
purely rhombohedral case of graphite, or QG = 0. The two peaks seen here, in increasing
corresponding peak positions over 2✓, are the (101)R and the (101)H peaks respectively.
The bottom of the figure represents the completely rhombohedral case, and the values of
QG increase in regular intervals to the perfectly hexagonal case at the top curve in the
figure.
Comparing figures 8 and 12 can give an intuitive idea as to what the average number of rhombo-
hedral layers increasing does to the profile of graphite. It can also give a direct way to interpret the




Figure 9: Figure 9.I shows the intensity profile with the faults occurring at the beginning
of the stack. Figure 9.II shows the intensity profile with the same parameters, but with the
faults at the end of the stack. For each of these figures, the (101)R peak occurs on the left
and the (101)H peak occurs on the right.
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Figure 10: This data was taken using the XRD machine in Phillips Hall (UNC) for a
sample of powdered commercially available graphite. The peaks were labeled based on
analytical predictions based on equations (5) and (7).
3.8 Results
3.8.1 Determination of N̄ and QG
The results from equations (40) and (41) can be used to generally describe the peaks (101)H and
(101)R in the following forms:




















































Since the discussion of the experimental data in this thesis pertains to powdered samples of graphite,
the average crystal, which is meant to be representative of the sample, has an average structure fac-
tor that can be considered. An expression for the average structure factor can be written for both
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Figure 11: This data was taken using the XRD machine at the National Institute for Mate-
rial Science in Japan for various samples of powdered commercial graphite. All data was
scaled based on the maximum intensity peak and the same characteristic peak was used to
align each sample based on the known value of the inter-planar spacing [10].
the rhombohedral and hexagonal lattice definitions as follows:
F̄(101)H = fc(✓(101)H )D(101)H ,
F̄(101)R = fc(✓(101)R)D(101)R .
In the above equations, the different D are complex numbers that represent the result of the sum
over the average number of layers N̄ for each lattice definition. Multiplying both equations by their
complex conjugates, and factoring out a quantity that is different for each of the peak locations,
results in the following:
|F̄(101)H |







Figure 12: This is the same data seen in figure 11, but the range of 2✓ is restricted to the
area of interest and the one intensity is scaled to the (101)H peak, so the peak intensity of
the (101)R peak corresponds to the multiplicative inverse of the measured quality factor
QG for the given sample.
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|F̄(101)R |
2 = f2c (✓(101)R)N̄
2
R|E|2.
In the case of the above equations, N̄H and N̄R represent the average hexagonal and rhombohedral
contributions similar to that seen in the definition of the quality factor for an ideal crystal in equation
(44). By taking a ratio of the two above equations, and approximating ✓(101)H ⇡ ✓(101)R , the result
is the same as the quality factor only this time it is representing an average crystal from a powder











Sample FWHM (of (002) in deg 2✓) Simulated N̄
JSP 0.24 ± 0,02 101 ± 9
JCPB 0.46 ± 0.02 52 ± 4
XP-80 0.66 ± 0.02 36 ± 2
CSSP 0.55 ± 0.02 44 ± 2
HOP 0.34 ± 0.02 70 ± 5
Table 5: This table shows the calculation of the total number of layers for each of the
samples for which reasonably analyzable data was recorded. The uncertainty for the total
number of layers was propagated directly from the uncertainty present due to background
noise radiation. The simulation used for these particular calculations can be found in
Section 6.1.2 under I002analysis.mat.
Sample QG
HOP 1.06 ± 0.13
J-CPB 1.40 ± 0.05
J-SP 1.23 ± 0.04
CSSP 1.17 ± 0.11
XP-80 1.11 ± 0.09
Table 6: This table shows the ratios of the (101)H with the (101)R peak in each of the
experimental profiles from figure 12 and the uncertainty is determined as described in
section 3.8.2.
3.8.2 Uncertainty
The uncertainty in both of the measurement parameters in this thesis are calculated by scaling




Figure 13: This figure shows the average intensity profile as calculated by the simulation
method section 6 under Python. The number of layers was kept constant such that N = 52
represents the average of the total number of layers, and the average was calculated over
the values of QG such that Q̄G = 1.40. The simulation also has the capability of averaging
over different layer numbers, but part of the approximations made in this thesis considered
the in plane particle size constant for the calculation of N̄ based on the full width at half
maximum of the (002) peak.
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calculation of the quality factor QG. The choice of scaling the variances by the measurement
parameter was used to eliminate the influence the change in the scale of the measurement might
have on the eventual ratio of the peak intensities. There are likely other sources of error to consider,
but the choices of the highest contributing factors to the total variance in both of the quantities












 fl stands for fault location,  Lp(✓) stands for Lorentz polarization,  b stands for background counts
and  fc(✓) stands for the uncertainty due to approximating the scattering factor as constant in be-










stands for background counts and  2
inst
stands for measurement device uncertainty.
It should be noted here that the N̄ solved for in Section 3.8 is a scaling factor for the quality
factor. By scaling the quality factor based on the total number of layers, the total rhombohedral to
hexagonal layer contributions can be estimated.
4 Concluding Thoughts
4.1 Connections
The application of this research will be useful when considering any type of method in which
graphite is used to produce another material. Regardless of the application, the sample of graphite
will behave differently depending on the crystal structure, and without accounting for the differ-
ences in graphite samples the results of an experiment will be less precise than if the differences
were accounted for. This change in precision is the desired outcome of this thesis, and the analysis
that goes into analyzing the area of interest is enough to say something quantitatively about a given
sample of graphite. While working on the XRD profiles for graphite at NIMS there was also work
being done on the synthesis of reduced graphene oxide via a modified Hummers method for pro-
ducing the material. The use of this analysis may prove beneficial in determining which samples
of graphite may produce better yields [21, 22]. An interesting consideration is the construction of
metamaterials with carbon as a chief component that may lead to other interesting material dis-
coveries like the discovery of interesting dielectric and photonic behaviors [23, 24]. The use of
carbonaceous materials in anode materials is something that has been becoming more prevalent
as things like rare earth metals become more and more expensive. Accounting for the changes in
the structure of different carbon materials at the atomic level may be able to improve on sources
of disorder in the creation of said anode material [9, 25, 26]. Several more advanced electronic
devices, such as transistors, may also be able to be improved by isolating the type of carbon source
used to create the desired electrical performance parameters [6, 27]. The creation of nano-filtration
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systems via a carbon sheet membrane may also be an application for which the carbon source may
be analyzed further to improve on the performance of the filtration system or other types of films
[8, 11, 28, 29, 30]. The production of other carbon lattice structures may also be made more ef-
ficient by considering the carbon lattice for which the carbon was sourced from [10, 13, 31, 32].
Though XRD was the technique that this thesis focused on, it is also possible to probe the structure
of graphite using methods other than elastic X-ray scattering [12].
4.2 Conclusion
The techniques described here provide a good base for investigating the applications of certain
types of graphene stackings based on the physical properties of the given configuration. Identifying
the different configurations can be accomplished with the use of X-Ray powder diffraction and
Fourier analysis of lattice structures [33]. In particular, the effect of the variable QG on the (100)H
to (102)R peak range and the possible combination of two peaks in an area of interest [10]. Analysis
of the relative ratios of these peaks allowed for the classification of the sample data taken at NIMS
as being made of turbostratic graphite with values of QG between 0.93 and 1.45. The average
number of layers, N̄ for the powdered samples measured was also determined to in the range of 34
to 110 for all of the samples measured. The importance of considering the source and way in which
carbon is used will only become more important in the coming years, so applying this research to
areas where carbon usage may be large could improve efficiency [18, 19, 32, 34, 35, 36].
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Figure 14: This figure represents a logical progression for how the structure factor contri-
bution to the measured intensity was simulated based on the structure factor analysis of an
ideal average crystal of total layer number N̄ . The code used for the simulation of the area




The code below is a simplistic implementation of the graphite lattice system detailed in this thesis.
The parameter that was varied to make the peak is the third Miller index l. The grit variable
denotes the number of discrete points for which the structure factor will be calculated over, and the
simulated intensity is the contribution only due to the structure factor contribution.
f c = 1 ;
N = 5 2 ;
g r i t = 10000 ;
l s = l i n s p a c e ( 1 . 5 , 2 . 5 , g r i t ) ;
F002 = z e r o s ( 1 , g r i t ) ;
a c o n s t = 2 . 4 6 * ( 1 0 ˆ ( − 1 0 ) ) ;
c c o n s t = 3 . 3 5 * ( 1 0 ˆ ( − 1 0 ) ) ;
lam = 1 .5418 * ( 1 0 ˆ ( − 1 0 ) ) ;
a = [ s q r t ( 3 ) * a c o n s t / 2 , a c o n s t / 2 , 0 ] ;
b = [ s q r t ( 3 ) * a c o n s t / 2 , −1 * a c o n s t / 2 , 0 ] ;
c = [ 0 , 0 , c c o n s t ] ;
a s t a r = c r o s s ( b , c ) / d o t ( a , c r o s s ( b , c ) ) ;
b s t a r = c r o s s ( c , a ) / d o t ( b , c r o s s ( c , a ) ) ;
c s t a r = c r o s s ( a , b ) / d o t ( c , c r o s s ( a , b ) ) ;
f o r l = 1 : g r i t
f o r n = 1 :N
F002 ( l ) = F002 ( l ) + ( 2 * ( cos ( p i *n* l s ( l ) ) + 1 i * s i n ( p i *n* l s ( l ) ) ) ) ;
end
%d i s p ( F002 ( l ) )
end
f o r k = 1 : g r i t
t h s ( k ) = rad2deg ( 2 * ( a s i n ( lam* l s ( k )* s q r t ( c s t a r ( 3 ) ˆ 2 ) / 4 ) ) ) ;
x ( k ) = 0 . 5 ;
I002 ( k ) = F002 ( k )* c o n j ( F002 ( k ) ) ;
end
Carbon Scattering Factor.mat
This code details the calculation for calculating the scattering factor for carbon using the same
numbers for the different ai and bi.
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lam = 1 . 5 1 2 ;
Z = 6 ;
a = [ 0 . 7 3 1 1 .1 9 5 0 .4 5 6 0 .125] ;% numbers were s o u r c e d from 1 2 . 1 o f Marc de
b = [ 3 6 . 9 9 5 11 .297 2 .814 0 .346 ] ;% Graef ’ s S t r u c t u r e o f m a t e r i a l s
param = 4 1 . 7 8 2 1 4 ;
t h e t a s = l i n s p a c e ( 0 . 0 1 , 3 . 1 4 1 5 9 2 6 5 3 5 8 9 , 1 0 0 0 ) ;
s = s i n ( t h e t a s ) / lam ;
te rm = z e r o s ( 1 , l e n g t h ( t h e t a s ) ) ;
s c a t f a c t = z e r o s ( 1 , l e n g t h ( t h e t a s ) ) ;
f o r j = 1 : l e n g t h ( t h e t a s )
f o r i = 1 : 4
te rm ( j ) = te rm ( j ) + ( param * s ( j ) ˆ 2 ) * ( a ( i )* exp ( −1* b ( i ) * ( s ( j ) ˆ 2 ) ) ) ;
end
s c a t f a c t ( j ) = Z − t e rm ( j ) ;
end
f i g u r e ( )
p l o t ( s , s c a t f a c t , ’ − k ’ )
y l a b e l ( ’ f c ’ )
x l a b e l ( ’ s i n ( \ t h e t a ) / \ lambda ’ )
t i t l e ( ’ S c a t t e r i n g F a c t o r o f Carbon ’ )
6.1.3 Python
The code below was implemented using a Python IDE and requires the use of command line argu-
ments to be run correctly. This code uses Python’s ability to run object oriented code which can be
seen via the use of the main() environment. For a more direct implementation of part of this code
for the (002) peak in particular, see the section of the MatLab coding section of the appendix. This
implementation and the simplified MatLab implementation are both made by creating a number
of values to span over the third miller index l which corresponds to the out of plane lattice basis
vectors in both reciprocal and real space. The stacking algorithm created in this implementation
assumes periodic introduction of faults based on a parameter that runs from zero to one instead of
zero to infinity, but the result is the same. The parameter Rc in the code ranges in values from
zero to one and the values are proportional to the rhombohedral contribution divided by the total
number of contributions. A good series of command line arguments to start with is as follows:
” a r g s ” : [
” 6 . 7 1 e − 1 0 ” , ” 0 , 0 , 2 , 1 , 0 , 0 , 1 , 0 , 1 , 1 , 0 , 0 . 6 6 6 6 6 6 6 6 6 6 , 1 , 0 , 1 . 3 3 3 3 3 3 3 3 3 ” ,




i m p o r t numpy as np
i m p o r t math as m
i m p o r t m a t p l o t l i b . p y p l o t a s p l t
i m p o r t a r g p a r s e # a l l o w s us t o d e a l w i th a rgumen t s t o main ( )
from a r g p a r s e i m p o r t RawTextHe lpFormat te r
i m p o r t s y s as s
from numpy . c o r e . f romnumer ic i m p o r t shape
d e f q s o l v ( hkl , a s t a r , b s t a r , c s t a r ) :
q = h k l [ 0 ] * a s t a r + h k l [ 1 ] * b s t a r + h k l [ 2 ] * c s t a r
magq = ( q [ 0 ] ** 2 + q [ 1 ] ** 2 + q [ 2 ] ** 2) ** ( 1 / 2 )
r e t u r n magq
d e f q s o l v 2 ( qs ) :
magq = np . z e r o s ( ( 1 , l e n ( qs [ 0 , : ] ) ) )
f o r i i n r a n g e ( 0 , l e n ( qs [ 0 , : ] ) ) :
magq [ 0 , i ] = ( qs [ 0 , i ] ** 2 + qs [ 1 , i ] ** 2 + qs [ 2 , i ] ** 2 ) ** ( 1 / 2 )
r e t u r n magq
d e f s c a t f a c t ( t h e t a h k l , lam ) :
s = np . s i n ( t h e t a h k l ) / lam
s = s * (10 ˆ −10)
Z = 6
X = 41 .78214
a = np . a r r a y ( ( [ 0 . 7 3 1 , 1 . 1 9 5 , 0 . 4 5 6 , 0 . 1 2 5 ] ) )
b = np . a r r a y ( ( [ 3 6 . 9 9 5 , 1 1 . 2 9 7 , 2 . 8 1 4 , 0 . 3 4 6 ] ) )
Sum = 0
f o r i i n r a n g e ( 1 , l e n ( a ) ) :
Sum = Sum + a [ i ] * np . exp ( −1 * ( b [ i ] * s ** 2 ) )
f c = Z − (X * ( s ** 2) * Sum)
r e t u r n f c
d e f t h t s o l v ( q v a l s , lam ) :
t w o t h t v a l s = np . z e r o s ( np . shape ( q v a l s ) )
t w o t h t v a l s = 2 * np . a r c s i n ( lam * q v a l s / 2 )
f o r i i n r a n g e ( np . s i z e ( t w o t h t v a l s ) ) :
t w o t h t v a l s [ 0 , i ] = m. d e g r e e s ( t w o t h t v a l s [ 0 , i ] )
r e t u r n t w o t h t v a l s
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d e f q f a c t o r c a l c ( s t a c k ) :
N = l e n ( s t a c k )
Rhcon t r = 0
f o r i i n r a n g e (N− 1 ) :
i f ( i == 1 ) :
c o n t i n u e
e l s e :
i f ( s t a c k [ i −1] == s t a c k [ i + 1 ] ) :
Rhcon t r = Rhcon t r
e l s e :
Rhcon t r = Rhcon t r + 1
q f a c t o r = Rhcon t r / N
r e t u r n q f a c t o r
d e f d e p s t a c k e r ( Rc ,N ) :
s t a c k = np . ones ( ( 1 , 1 ) )
i f (N < 4 ) :
i f (N == 1 ) :
s t a c k = s t a c k
r e t u r n s t a c k
e l i f (N == 2 ) :
s t a c k = np . append ( s t a c k , 2 )
r e t u r n s t a c k
e l i f (N == 3 ) :
i f ( Rc == 0 ) :
a d d i n n s = np . a r r a y ( ( [ 2 , 1 ] ) )
s t a c k = np . append ( s t a c k , a d d i n n s )
r e t u r n s t a c k
e l s e :
a d d i n n s = np . a r r a y ( ( [ 2 , 3 ] ) )
s t a c k = np . append ( s t a c k , a d d i n n s )
r e t u r n s t a c k
e l i f ( Rc < 1 / 3 ) :
i = 0
w h i l e ( l e n ( s t a c k ) < N ) :
a d d i n n s = np . a r r a y ( ( [ 2 , 1 ] ) )
s t a c k = np . append ( s t a c k , a d d i n n s )
e r r o r = 3 / N
X = q f a c t o r c a l c ( s t a c k )
w h i l e ( abs ( Rc − X) > e r r o r ) :
i f ( s t a c k [ i ] == 1 ) :
i f ( ( i + 6 ) <= N ) :
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s t a c k [ i +1] = 2
s t a c k [ i +2] = 3
s t a c k [ i +3] = 2
s t a c k [ i +4] = 3
s t a c k [ i +5] = 2
s t a c k [ i +6] = 1
i += 1
e l s e :
r e t u r n s t a c k
e l i f ( s t a c k [ i ] == 2 ) :
i += 1
e l i f ( s t a c k [ i ] == 3 ) :
i += 1
e l s e :
r e t u r n ’ e r r o r ’
X = q f a c t o r c a l c ( s t a c k )
e l i f ( Rc < 1 and Rc > 1 / 3 ) :
i = 0
w h i l e ( l e n ( s t a c k ) < N ) :
a d d i n n s = np . a r r a y ( ( [ 2 , 1 ] ) )
s t a c k = np . append ( s t a c k , a d d i n n s )
e r r o r = 3 / N
X = q f a c t o r c a l c ( s t a c k )
w h i l e ( abs (X − 1 / 3 ) > e r r o r ) :
i f ( s t a c k [ i ] == 1 ) :
i f ( ( i + 6 ) <= N ) :
s t a c k [ i +1] = 2
s t a c k [ i +2] = 3
s t a c k [ i +3] = 2
s t a c k [ i +4] = 3
s t a c k [ i +5] = 2
s t a c k [ i +6] = 1
i +=1
e l s e :
r e t u r n s t a c k
e l i f ( s t a c k [ i ] == 2 ) :
i +=1
e l i f ( s t a c k [ i ] == 3 ) :
i +=1
e l s e :
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r e t u r n ’ e r r o r ’
X = q f a c t o r c a l c ( s t a c k )
i = 0
w h i l e ( abs (X − Rc ) > e r r o r ) :
i f ( s t a c k [ i ] == 3 ) :
i f ( ( i +3) < N ) :
s t a c k [ i +1] = 1
s t a c k [ i +2] = 2
s t a c k [ i +3] = 3
i = i + 1
e l i f ( ( i +2) < N ) :
s t a c k [ i +1] = 1
s t a c k [ i +2] = 2
i = i + 1
e l i f ( i +1 < N ) :
s t a c k [ i +1] = 1
i = i + 1
e l s e :
c o n t i n u e
e l s e :
s t a c k [ i ] = s t a c k [ i ]
i = i + 1
X = q f a c t o r c a l c ( s t a c k )
e l s e :
r e t u r n ’ E r r o r Q G must be between 0 and 1 ’
r e t u r n s t a c k [ 0 :N]
d e f s t a c k e r ( Rc ,N ) :
i f ( Rc < 1 / 3 ) :
numc = i n t ( Rc * N)
s t a c k = np . ones ( ( 1 , 1 ) )
i f (N < 4 ) :
i f (N == 1 ) :
s t a c k = s t a c k
r e t u r n s t a c k
e l i f (N == 2 ) :
s t a c k = np . append ( s t a c k , 2 )
r e t u r n s t a c k
e l i f (N == 3 ) :
i f ( Rc == 0 ) :
a d d i n n s = np . a r r a y ( ( [ 2 , 1 ] ) )
s t a c k = np . append ( s t a c k , a d d i n n s )
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r e t u r n s t a c k
e l s e :
a d d i n n s = np . a r r a y ( ( [ 2 , 3 ] ) )
s t a c k = np . append ( s t a c k , a d d i n n s )
r e t u r n s t a c k
cnum = 0
i = 0
w h i l e ( cnum < numc ) :
i f ( s t a c k [ i ] == 1 ) :
app = np . a r r a y ( ( [ 2 , 3 , 2 , 3 , 2 , 1 ] ) )
s t a c k = np . append ( s t a c k , app )
cnum = cnum + 2
i = i + 1
e l s e :
s t a c k [ i ] = s t a c k [ i ]
i = i + 1
numss = l e n ( s t a c k )
nums = l e n ( s t a c k )
w h i l e ( nums < N ) :
s t a c k = np . append ( s t a c k , 2 )
nums = nums + 1
f o r i i n r a n g e ( numss + 1 ,N ) :
i n d i c a t o r = s t a c k [ i ] − s t a c k [ i −1]
i f ( i n d i c a t o r == −2) :
s t a c k [ i ] = s t a c k [ i ]
e l i f ( i n d i c a t o r == 0 ) :
s t a c k [ i ] = 1
e l s e :
s t a c k [ i ] = s t a c k [ i ]
i f ( Rc > 1 / 3 ) :
s t a c k = np . ones ( ( 1 , 1 ) )
i f (N < 4 ) :
i f (N == 1 ) :
s t a c k = s t a c k
r e t u r n s t a c k
e l i f (N == 2 ) :
s t a c k = np . append ( s t a c k , 2 )
r e t u r n s t a c k
e l i f (N == 3 ) :
a d d i n n s = np . a r r a y ( ( [ 2 , 3 ] ) )
s t a c k = np . append ( s t a c k , a d d i n n s )
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r e t u r n s t a c k
numc = i n t ( 1 / 3 * N)
s t a c k = np . ones ( ( 1 , 1 ) )
w h i l e ( l e n ( s t a c k ) < N ) :
i = 0
i f ( s t a c k [ i ] == 1 ) :
app = np . a r r a y ( ( [ 2 , 3 , 2 , 3 , 2 , 1 ] ) )
s t a c k = np . append ( s t a c k , app )
i = i + 1
e l s e :
s t a c k [ i ] = s t a c k [ i ]
i = i + 1
s t a c k = s t a c k [ 0 :N]
cnum = numc
numc = numc + i n t ( Rc*N)
i = 0
w h i l e ( cnum < numc ) :
i f ( s t a c k [ i ] == 3 ) :
i f ( ( i +3) < N ) :
s t a c k [ i +1] = 1
s t a c k [ i +2] = 2
s t a c k [ i +3] = 3
cnum = cnum + 2
i = i + 1
e l i f ( ( i +2) < N and ( i +1) < N ) :
s t a c k [ i +1] = 1
s t a c k [ i +2] = 2
cnum = cnum + 2
i = i + 1
e l i f ( i +1 < N ) :
s t a c k [ i +1] = 1
cnum = cnum + 2
i = i + 1
e l s e :
cnum = cnum + 1
e l s e :
s t a c k [ i ] = s t a c k [ i ]
i = i + 1
r e t u r n s t a c k [ 0 :N]
d e f SFCG( s t a c k s , hk l s , magc , g r i t ) :
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# f = sumj ( e ˆ ( −2 p i i ( q d o t r j ) ) )
p = l e n ( h k l s )
genq = np . z e r o s ( 3 , i n t ( p / 3 ) )
l n g = g r i t
N = l e n ( s t a c k s )
lam = 1 .5418 * (10 ** −10)
a c o n s t = 2 . 4 6 * (10 ** −10)
c c o n s t = magc
a = np . a r r a y ( ( [ np . s q r t ( 3 ) * a c o n s t / 2 , a c o n s t / 2 , 0 ] ) )
b = np . a r r a y ( ( [ np . s q r t ( 3 ) * a c o n s t / 2 , −1 * a c o n s t / 2 , 0 ] ) )
c = np . a r r a y ( ( [ 0 , 0 , c c o n s t ] ) )
a s t a r = np . c r o s s ( b , c ) / np . d o t ( a , np . c r o s s ( b , c ) )
b s t a r = np . c r o s s ( c , a ) / np . d o t ( b , np . c r o s s ( c , a ) )
c s t a r = np . c r o s s ( a , b ) / np . d o t ( c , np . c r o s s ( a , b ) )
#−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
f o r i i n r a n g e ( i n t ( p / 3 ) ) :
# i f
q = h * a s t a r + k * b s t a r + l * c s t a r
F = np . z e r o s ( ( N, l n g ) , d t y p e = complex )
F t o t = np . z e r o s ( ( 1 , l n g ) , d t y p e = complex )
x = np . a r a n g e ( 0 , 1 . 5 , 1 . 5 / l n g )
f o r j i n r a n g e ( l n g ) :
f o r i i n r a n g e (N ) :
i f s t a c k s [ i ] == 1 :
F [ i , j ] = ( ( 1 / 2 ) − 1 j * ( ( 3 ** ( 1 / 2 ) ) / 2 ) ) * . . .
( np . exp (2* np . p i *1 j * ( i * x [ j ] / 2 ) ) ) # new l i n e f o r LaTex
e l i f s t a c k s [ i ] == 2 :
F [ i , j ] = −1 * ( np . exp (2* np . p i *1 j * ( i * x [ j ] / 2 ) ) )
e l i f s t a c k s [ i ] == 3 :
F [ i , j ] = ( ( 1 / 2 ) + 1 j * ( ( 3 ** ( 1 / 2 ) ) / 2 ) ) * . . .
( np . exp (2* np . p i *1 j * ( i * x [ j ] / 2 ) ) ) # new l i n e f o r LaTex
F t o t [ 0 , j ] += F [ i , j ]
r e t u r n I , t w o t h t
d e f SFC2 ( s t a c k s , hkl , magc , g r i t ) :
l n g = g r i t
N = l e n ( s t a c k s )
lam = 1 .5418 * (10 ** −10)
a c o n s t = 2 . 4 6 * (10 ** −10)
c c o n s t = magc
a = np . a r r a y ( ( [ np . s q r t ( 3 ) * a c o n s t / 2 , a c o n s t / 2 , 0 ] ) )
b = np . a r r a y ( ( [ np . s q r t ( 3 ) * a c o n s t / 2 , −1 * a c o n s t / 2 , 0 ] ) )
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c = np . a r r a y ( ( [ 0 , 0 , c c o n s t ] ) )
a s t a r = np . c r o s s ( b , c ) / np . d o t ( a , np . c r o s s ( b , c ) )
b s t a r = np . c r o s s ( c , a ) / np . d o t ( b , np . c r o s s ( c , a ) )
c s t a r = np . c r o s s ( a , b ) / np . d o t ( c , np . c r o s s ( a , b ) )
#−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
# C a l c u l a t i o n o f t h e s t r u c t u r e f a c t o r below
F = np . z e r o s ( ( N, l n g ) , d t y p e = complex )
F t o t = np . z e r o s ( ( 1 , l n g ) , d t y p e = complex )
x = np . a r a n g e ( 0 , 1 . 5 , 1 . 5 / l n g )
f o r j i n r a n g e ( l n g ) :
f o r i i n r a n g e (N ) :
i f s t a c k s [ i ] == 1 :
F [ i , j ] = ( ( 1 / 2 ) + 1 j * ( ( 3 ** ( 1 / 2 ) ) / 2 ) ) * . . .
( np . exp (2* np . p i *1 j * ( i * x [ j ] / 2 ) ) ) # new l i n e f o r LaTex
e l i f s t a c k s [ i ] == 2 :
F [ i , j ] = −1 * ( np . exp (2* np . p i *1 j * ( i * x [ j ] / 2 ) ) )
e l i f s t a c k s [ i ] == 3 :
F [ i , j ] = ( ( 1 / 2 ) − 1 j * ( ( 3 ** ( 1 / 2 ) ) / 2 ) ) * . . .
( np . exp (2* np . p i *1 j * ( i * x [ j ] / 2 ) ) ) # new l i n e f o r LaTex
F t o t [ 0 , j ] += F [ i , j ]
magq = np . z e r o s ( ( 1 , l n g ) )
t h t s = np . z e r o s ( ( 1 , l n g ) )
f o r i i n r a n g e ( l n g ) :
magq [ 0 , i ] = q s o l v ( [ 1 , 0 , x [ i ] ] , a s t a r , b s t a r , c s t a r )
t h t s [ 0 , : ] = t h t s o l v ( magq , lam )
f o r i i n r a n g e ( l e n ( F t o t ) ) :
F t o t [ i ] = F t o t [ i ] * s c a t f a c t ( t h t s [ i ] , lam ) # s c a t t e r i n g f a c t o r
I = np . z e r o s ( ( 1 , l n g ) )
f o r i i n r a n g e ( 0 , l n g ) :
I [ 0 , i ] = F t o t [ 0 , i ] * np . c o n j ( F t o t [ 0 , i ] )
r e t u r n I , t h t s
#============================================
d e f main ( ) :
p a r s e r = a r g p a r s e . Argumen tPa r se r ( f o r m a t t e r c l a s s = RawTextHe lpFormat te r )
p a r s e r . add a rg um en t ( ” magc ” , t y p e = f l o a t ,
h e l p =” Magni tude o f t h e C v e c t o r ” )
p a r s e r . add a rg um en t ( ” h k l ” , t y p e = s t r ,
h e l p =” The m i l l e r i n d i c e s o f t h e p l a n e i n q u e s t i o n ” )
p a r s e r . add a rg um en t ( ” Rc ” , t y p e = s t r ,
h e l p =” The c l a y e r t o t o t a l l a y e r number r a t i o ” )
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p a r s e r . add a rg um en t ( ”N” , t y p e = i n t ,
h e l p =” T o t a l number o f l a y e r s ” )
p a r s e r . add a rg um en t ( ” g r i t ” , t y p e = f l o a t ,
h e l p =” The mesh g r i t used t o c a l c u l a t e wi th ” )
a r g s = p a r s e r . p a r s e a r g s ( )
magc = a r g s . magc
h k l s = a r g s . h k l . s p l i t ( ’ , ’ )
Rc = a r g s . Rc . s p l i t ( ’ , ’ )
#Rc = [ 0 . 3 3 3 3 3 3 ] # np . l i n s p a c e ( 0 . 9 9 9 9 9 , 0 . 0 , 8 )
#np . a s a r r a y ( Rc , d t y p e = f l o a t )
#uncomment some of t h e l i n e s above f o r a more d i r e c t c h o i c e o f Rc
N = a r g s .N
g r i t = i n t ( a r g s . g r i t )
hk l002 = h k l s [ 0 : 3 ]
hk l002 = np . a s a r r a y ( hkl002 , d t y p e = f l o a t )
hk l100 = h k l s [ 3 : 6 ]
hk l100 = np . a s a r r a y ( hkl100 , d t y p e = f l o a t )
hk l101 = h k l s [ 6 : 9 ]
hk l101 = np . a s a r r a y ( hkl101 , d t y p e = f l o a t )
hk l1023 = h k l s [ 9 : 1 2 ]
hk l1023 = np . a s a r r a y ( hkl1023 , d t y p e = f l o a t )
hk l1043 = h k l s [ 1 2 : 1 5 ]
hk l1043 = np . a s a r r a y ( hkl1043 , d t y p e = f l o a t )
I t o t s = np . z e r o s ( ( l e n ( Rc ) , g r i t ) )
a c o n s t = 2 . 4 6 * (10 ** −10)
c c o n s t = magc
lam = 1 .5418 * (10 ** −10)
a = np . a r r a y ( ( [ np . s q r t ( 3 ) * a c o n s t / 2 , a c o n s t / 2 , 0 ] ) )
b = np . a r r a y ( ( [ np . s q r t ( 3 ) * a c o n s t / 2 , −1 * a c o n s t / 2 , 0 ] ) )
c = np . a r r a y ( ( [ 0 , 0 , c c o n s t ] ) )
a s t a r = np . c r o s s ( b , c ) / np . d o t ( a , np . c r o s s ( b , c ) )
b s t a r = np . c r o s s ( c , a ) / np . d o t ( b , np . c r o s s ( c , a ) )
c s t a r = np . c r o s s ( a , b ) / np . d o t ( c , np . c r o s s ( a , b ) )
t h t t o t s = np . z e r o s ( ( l e n ( Rc ) , g r i t ) )
peak100 = q s o l v ( [ 1 , 0 , 0 ] , a s t a r , b s t a r , c s t a r )
peak100 = 2 * np . a r c s i n ( lam * peak100 / 2 )
peak100 = m. d e g r e e s ( peak100 )
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peak101 = q s o l v ( [ 1 , 0 , 1 ] , a s t a r , b s t a r , c s t a r )
peak101 = 2 * np . a r c s i n ( lam * peak101 / 2 )
peak101 = m. d e g r e e s ( peak101 )
peak1023 = q s o l v ( [ 1 , 0 , ( 2 / 3 ) ] , a s t a r , b s t a r , c s t a r )
peak1023 = 2 * np . a r c s i n ( lam * peak1023 / 2 )
peak1023 = m. d e g r e e s ( peak1023 )
peak1043 = q s o l v ( [ 1 , 0 , ( 4 / 3 ) ] , a s t a r , b s t a r , c s t a r )
peak1043 = 2 * np . a r c s i n ( lam * peak1043 / 2 )
peak1043 = m. d e g r e e s ( peak1043 )
p r i n t ( peak100 )
p r i n t ( peak1023 )
p r i n t ( peak101 )
p r i n t ( peak1043 )
q f s = np . z e r o s ( np . shape ( Rc ) )
f o r j i n r a n g e ( l e n ( Rc ) ) :
s t a c k = d e p s t a c k e r ( Rc [ j ] ,N)
s t a c k = s t a c k [ : : − 1 ] # f o r r e v e r s i n g t h e s t a c k t o c a l c u l a t e u n c e r t a i n t y
p r i n t ( s t a c k )
q f s [ j ] = q f a c t o r c a l c ( s t a c k )
I t o t s [ j , : ] , t h t t o t s [ j , : ] = SFC2 ( s t a c k , 0 , magc , g r i t )
Imaxpos = np . where ( max ( I t o t s [ 0 , : ] ) == I t o t s [ 0 , : ] )
maxtwoth t = t h t t o t s [ 0 , Imaxpos [ 0 ] ]
# p l t . p l o t ( t h t t o t s [ j , : ] , I t o t s [ j , : ] + ( j +1)*69000 ,
’−k ’ , l a b e l = s t r ( q f s [ j ] ) )
#make s u r e t h e above two l i n e s run t o g e t h e r
q f s [ j ] = np . round ( q f s [ j ] , d e c i m a l s =2)
# p l t . h o l d ( True )
j +=1
# p l t . t i t l e ( ’ Range o f $Q G$ ’ )
#
# p l t . y l a b e l ( ’ I n t e n s i t y ( a r b i t r a r y u n i t s ) ’ )
# p l t . x l a b e l ( ’ 2 $\Theta$ ’ )
# p l t . y t i c k s ( [ ] )
# p l t . h o l d ( F a l s e )
I f i n a l = np . ones ( np . shape ( I t o t s [ 0 , : ] ) )
T f i n a l = t h t t o t s [ 0 , : ]
f o r i i n r a n g e ( l e n ( I f i n a l ) ) :
f o r j i n r a n g e ( l e n ( Rc ) ) :
I f i n a l [ i ] = I f i n a l [ i ] + I t o t s [ j , i ]
I f i n a l [ i ] = I f i n a l [ i ] / l e n ( Rc )
#End of s t r u c t u r e f a c t o r i n t e n s i t y c o n t r i b u t i o n
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p l t . f i g u r e ( )
p l t . p l o t ( T f i n a l , I f i n a l , ’ − k ’ )
p l t . x l a b e l ( ’ $2\Theta$ ’ )
p l t . x l im ( [ min ( t h t t o t s [ 0 , : ] ) , max ( t h t t o t s [ 0 , : ] ) ] )
p l t . y l a b e l ( ’ I n t e n s i t y ( a r b i t r a r y u n i t s ) ’ )
p l t . y t i c k s ( [ ] )
p l t . x l im ( [ 4 3 , 4 5 . 5 ] )
p l t . t i t l e ( ’ $Q G$ = ’+ ’2 ’+ ’ , ’+ ’N= ’+ s t r (N) + ’ , F a u l t s a t t h e b e g i n n i n g ’ )
# p l t . t i t l e ( ’ $Q G$ = [ 0 , , N = 50 ’ )
p l t . show ( )




The code below is an implementation of the Lorentz polarization factor for the purposes of plotting
in this paper. The framework for calculating the absorption factor, and the exponential attenuation
factor is also provided, so that the correction factors can be called from the same file. These factors
are not required for the Structure Factor Analysis.py file to be run, however since that file is
object oriented it is not a large task to call these functions.
i m p o r t numpy as np
i m p o r t math as m
i m p o r t m a t p l o t l i b . p y p l o t a s p l t
t h e t a s = np . l i n s p a c e ( 0 . 0 0 1 , np . pi , num=1300)
d e f l o r e n t z p c o r r e c ( t ) :
Lp = np . z e r o s ( np . shape ( t ) )
f o r i i n r a n g e ( l e n ( t ) ) :
Lp [ i ] = ( 1 + ( np . cos ( t [ i ] * 2 ) * ( np . cos ( t [ i ] * 2 ) ) ) ) . . .
/ ( np . s i n ( t [ i ] ) * ( np . s i n ( t [ i ] ) ) * np . cos ( t [ i ] ) )
r e t u r n Lp
d e f a b s o r p t i o n (mu ) :
A = 1 / (2 * mu)
r e t u r n
d e f e x p a t t e n (M) :
e x p co r = np . exp ( −2 * M)
r e t u r n e x p c o r
p l t . p l o t ( ( t h e t a s *180 / np . p i ) , l o r e n t z p c o r r e c ( t h e t a s ) , ’ − k ’ )
p l t . x l a b e l ( ’ $\Theta$ ’ )
p l t . y l a b e l ( ’ $L p (\ The ta ) $ ’ )
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p l t . x l im ( [ 2 1 , 2 3 . 5 ] )
p l t . y l im ( [ 0 , 5 0 ] )
p l t . t i t l e ( ’ L o r e n t z P o l a r i z a t i o n F a c t o r ’ )
p l t . show ( )
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